We consider coherent electromagnetic processes for colliders with short bunches, in particular the coherent bremsstrahlung (CBS). CBS is the radiation of one bunch particles in the collective field of the oncoming bunch. It can be a potential tool for optimizing collisions and for measuring beam parameters. A new simple and transparent method to calculate CBS is presented based on the equivalent photon approximation for this collective field. The results are applied to the φ-factory DAΦN E. For this collider about 5 · 10 14 dE γ /E γ photons per second are expected in the photon energy E γ range from the visible light up to 25 eV.
Introduction
One of the important processes at colliding beams is the bremsstrahlung. In the last years, besides of the well-known ordinary (incoherent) bremsstrahlung the coherent radiation at colliders has been widely discussed [1] - [6] .
For definiteness, we consider the photon emission by electrons moving through a proton bunch. The ordinary bremsstrahlung dominates for large enough photon energies. If the photon energy becomes sufficiently small, the radiation is determined by the interaction of the electrons with the collective electromagnetic field of the proton bunch. It is known (see, e.g. §77 in [7] ) that the properties of this coherent radiation are quite different for electron deflection angles θ d much larger or much smaller than the typical radiation angle θ r ∼ 1/γ e where γ e is the electron Lorentz factor.
It is easy to estimate the ratio of these angles 1 . The electric E and magnetic B fields of the proton bunch are approximately equal in magnitude, |E| ≈ |B| ∼ eN p /(lσ x ). These fields are transverse and they deflect the electron into the same direction. In such 1 Throughout the paper we use the following notations: N e and N p are the numbers of electrons and protons in the bunches, σ z = l is the longitudinal, σ x and σ y are the horizontal and vertical transverse sizes of the proton bunch, γ e = E e /(m e c 2 ) and r e = e 2 /(m e c 2 ) is the classical electron radius.
fields the electron moves around a circumference of radius R ∼ γ e m e c 2 /(eB) and gets the deflection angle θ d ∼ l/R. On the other hand, the radiation angle θ r corresponds to a length l R = R/γ e ∼ m e c 2 /(eB). Therefore, the ratio of these angles is determined by the parameter η
Let us call the proton bunch long if η ≫ 1. The corresponding radiation is usually called beamstrahlung. Its properties are similar to those of the ordinary synchrotron radiation in an uniform magnetic field (see, e.g. [2] ).
The proton bunch is called short if η ≪ 1. In this case the electron trajectory remains practically unchanged during the collision. In some respect, the radiation in the short bunch fields is similar to the ordinary bremsstrahlung, therefore we call it coherent bremsstrahlung (CBS). It differs substantially from the beamstrahlung. In most of the colliders the ratio η is either much smaller than one (all the pp,pp and relativistic heavy-ion colliders, some e + e − colliders and B-factories) or of the order of one (e.g. LEP, TRISTAN). Only linear e + e − colliders have η ≫ 1. Therefore, the CBS has a very wide region of applicability.
In the following we discuss for our example the characteristic features of the CBS. In the usual bremsstrahlung the number of photons emitted by electrons is proportional to the number of electrons and protons:
With decreasing photon energies the coherence length ∼ 4γ 2 eh c/E γ becomes comparable to the length of the proton bunch l. At photon energies
the radiation arises from the interaction of the electron with the proton bunch as a whole, but not with each proton separately. The quantity E c is called the critical photon energy. Therefore the proton bunch is similar to a "particle" with the huge charge eN p and with an internal structure described by the form factor of the bunch. The radiation probability is proportional to N 2 p and the number of the emitted photons is given by
The CBS differs strongly from the beamstrahlung in the soft part of its spectrum. As one can see from (4) the total number of CBS photons diverges in contrast to the beamstrahlung for which (as well as for the synchrotron radiation) the total number of photons is finite. It is useful to discuss shortly the experimental status and possible applications of this new kind of radiation. The ordinary bremsstrahlung is a well-known process. Its large cross section and small angular spread of photons allows to use this radiation for measuring one of the important parameters of a collider -the luminosity (for example, at HERA and LEP). The beamstrahlung has been observed in a single experiment at SLC [3] , and it has been demonstrated that it can be used for measuring the transverse bunch size. The main characteristics of the CBS have been calculated recently [4] - [6] , and an experiment for its observation is planned in Novosibirsk. It seems that CBS can be a potential tool for optimizing collisions and for measuring beam parameters. Indeed, the bunch length l can be found from the CBS spectrum, because the critical energy (3) is proportional to 1/l; the horizontal transverse bunch size σ x is related to the photon rate dN γ ∝ 1/σ E e E p hq = ( h!=c; hq) Here dN EP is the number of equivalent photons (EP) generated by the proton
where
is determined by kinematics and (−q 2 ) max ∼ (m e c/h) 2 is given by the dynamical cut-off of the Compton cross section. Therefore, the accuracy of this approximation is logarithmic.
The Compton cross section is of the order of
with the minimal energy of the equivalent photon
For the cross section (7) we obtain the estimate
Just as in the standard calculations we can estimate the number of CBS photons using EPA. Taking into account that the number of EP increases by a factor ∼ N p compared to the ordinary bremsstrahlung we get (using
Since the impact parameter ̺ is of the order of
we can rewrite this expression in another form
To perform the integration over ̺ we estimate the main integration region as follows. The region of small impact paramaters |̺ x | ≪ σ x and |̺ y | ≪ σ y does not give a significant contribution because the electromagnetic field vanishes in the centre of a symmetric bunch. The region of large impact parameter |̺ x | ≫ σ x and |̺ y | ≫ σ y also does not contribute significantly since the proton bunch form factor decreases rapidly. Therefore, the region which gives the main contribution is
Integrating over this region we obtain
As a result the "effective cross section" for CBS is of the order of
In particular, for flat beams σ y ≪ σ x one has
To illustrate the transition from the ordinary bremsstrahlung to CBS we present in Fig. 2 qualitatively the photon spectrum for the HERA collider using the results of the last paper in [4] . In the region of E γ ∼ 10 keV the number of photons dramatically increases by about 9 orders of magnitude.
3 The collective electromagnetic field of a charged bunch and the number of equivalent photons
To define a coordinate frame we choose the z-axis along the momentum of the initial electron, the x-and y-axes in the transverse horizontal and vertical directions, respectively. The possible changes in the transverse sizes of the bunches during the collision are neglected.
The electromagnetic field of a single proton moving with the constant velocity v (along (−z)-axis) can be found for example in [7] , §64. An expansion of this field in plane waves has the form The huge increase at low photon energies is due to the coherent bremsstrahlung effect, the high energy tail corresponds to ordinary (incoherent) bremsstrahlung.
From that expression one can see that the wave with the wave vector q has the frequency
For such a wave we put in correspondence an equivalent photon with the 4-momentum hq = (hω/c,hq). Now we consider the field of the whole bunch of protons. If the particle distribution does not change considerably during the collision, the proton density n p (r, t) depends on r and t in the following combination only
Let us define the form factor of the proton bunch density at t = 0
with its normalization
We find the electric and magnetic fields of the proton bunch analogous to the calculation in the problem of §64 in [7] E(r,
where E q (t) is the same as in (20). The spectral expansion of the proton bunch field contains the same frequencies (21). The spectral components of these fields are
The form factor F p (q) decreases rapidly when the components of q become larger than the inverse proton bunch sizes. This means that the characteristic values of ω/(vγ p ) ∼ 1/(lγ p ) are much less than those of q ⊥ ∼ 1/σ y . Therefore, one can omit the quantity ω 2 /(vγ p ) 2 in the integrand of (27). The electromagnetic field is dominated by its transverse components. For the transverse electric field
its spectral component (in which we omit an irrelevant phase factor exp(iq z z) ) has the form
The field E ⊥ (r, t) is real, hence |E −ω (̺)| = |E * ω (̺)| from which we get the relation
Having calculated the electromagnetic field of the proton bunch we calculate now the number of equivalent photons. The main idea of EPA is that the electromagnetic interaction of an electron with the complicated field of the proton bunch is replaced by a more simple Compton scattering of this electron with the flux of EP generated by the proton bunch.
To perform such a reduction, let us remind a few facts about the collisions of two beams. It is well-known (see, e.g. §12 in [7] ) that a number of events for a process with the cross section σ 12 is equal to
where n j is the particle density of the j-th bunch, v j its velocity and L 12 the luminosity for a single head-on collision of the bunches. If these densities are of the form (22)
one can replace z, t by the new variables z − v 1 t, z + v 2 t and integrate the expression (31) independently over these new variables. After these integrations the luminosity depends on the so called "transverse densities"
The transverse density is equal to the total number of corresponding particles which cross a unit area around the impact parameter ̺ during the collision. As a result, the luminosity is
Now we can apply these formulae for CBS considering it as the scattering of electrons (index 1) on the electromagnetic field of the proton bunch. Replacing this field by the flux of EP (index 2) with some spectrum we obtain the number of the produced CBS photons in the form
Here n e (̺) is the transverse electron density, n γ (̺, ω)dω the transverse density of EP with frequencies in the interval from ω to ω + dω. dL eγ (ω) denotes the differential luminosity for the collisions of electrons and EP and dσ eγ (ω, E γ ) is the cross section of the Compton scattering of the electron on the equivalent photon with the frequency ω.
In our case of ultrarelativistic protons (γ p ≫ 1, v ≈ c) the electric and magnetic fields of the proton bunch (25) are approximately equal, transverse and orthogonal to each other
Therefore, they are similar to the usual fields describing waves of light. We obtain for the flux of the electromagnetic energy through the unit area around the impact parameter ̺ the known expression c 4π
It can be rewritten as the total energy of EP crossing the same area during the collision
Using (30) we obtain the transverse density of the EP
It should be noticed that the integration over q ⊥ can be extended to ∞ even at ̺ → 0 due to the proper behaviour of the form factor. It provides a high accuracy of our method compared to the usual Weizsäcker-Williams approximation (discussed in section 2) which is correct only logarithmically.
Luminosity L eγ and polarization of EP
Based on the obtained expression for the equivalent photon number we can calculate the luminosity L eγ . Substituting (39) into (35) and performing the integration over ̺ we express the luminosity in the form
with the function J(ω) containing both the electron F e and the proton F p bunch form factors
and
It is useful to consider in detail the important case of Gaussian beams since usually it is assumed that near the interaction point the particle distribution of the bunches is Gaussian like. In this case the density n p (r) can be represented as a product of the transverse n p (̺) and longitudinal n p (z) densities
and the form factor of the proton bunch is
Analogous formulae take place for the electron bunch replacing the index p → e. In the general case, when the electron bunch axis is shifted by a distance R = (R x , R y ) from the proton bunch axis the electron bunch form factor in Eqs. (41), (50) is equal to
From these expressions we immediately obtain the important relation
Now we discuss the polarization of EP. The local polarization of EP is determined by the field E ω (̺). In particular, the unit vector
is the local polarization vector of EP, and the matrix e i e * k is the local density matrix of EP. To obtain the average density matrix one has to integrate this local matrix with the luminosity (35) over the impact parameter ̺ and normalize it. With this procedure we obtain < e i e * k >=
From the expression (49) we obtain the average Stokes parameters of the equivalent photons describing their linear polarization
Eqs. (40-42,49,50) are the basic formulae to calculate the CBS. Their accuracy can be estimated in the framework of the general approach developed in [5] . Here we only point out the necessary conditions for their application, namely the bunches should be short and their sizes should not change considerably during the collisions.
To obtain the energy and the angular distribution of the CBS photons and their polarization it is sufficient to calculate the quantities J(0) and < e i e * k >. Such a calculation for Gaussian beams has been performed in [5] and below we will use it.
Spectrum of CBS photons
To calculate the number of CBS photons as given in Eqs. (35,40) one has to use the known Compton cross section (e.g. , from [11] )
Here θ and ϕ are the polar and azimuthal angles of the CBS photons, respectively. The EP energyhω is related to the energy E γ and the emission angle θ of the CBS photon by a simple kinematical relationh
Introducing the constant N 0
we obtain the angular-energy distribution for the CBS photons (for unpolarized electrons and after integrating over the azimuthal angle ϕ)
The energy spectrum of CBS photons is obtained by integrating (56) over z
Φ(E γ , E e ) = 3 2
The spectral function Φ(E γ , E e ) is normalized by the condition
The properties of this spectral function are determined by the ratio J(ω)/J(0). For Gaussian beams this ratio depends on the longitudinal density of the proton bunch (see Eq. (47)). The constant N 0 depends on the transverse densities of the electron and proton bunches only. Now we consider the important case of flat Gaussian beams (a
In that case the constant N 0 is equal to [5] 
in particular, for flat and identical beams (σ x = σ ex,px , σ y = σ ey,py )
Integrating Eq. (34) over d 2 ̺ we find the luminosity of ep collisions
and define the "effective cross section"
For the case of identical flat beams and at R = 0 this quantity is of the form
in accordance with the estimate (19). All obtained formulae are valid both in the classical (E c ≪ E e ) and in the quantum (E c ≫ E e ) cases. Below we consider only the classical limit which is valid for all the existing colliders. The quantum effects being at the moment of mainly theoretical interest will be studied in [9] .
In the classical case the energy of the CBS photons is E γ < ∼ E c . The angular-energy distribution (56) simplifies to the expression
6 Application of CBS to the DAΦN E collider
The DAΦNE e + e − collider has been proposed in 1990 and it is now under construction at Frascati [12] . The collider is planned to run in 1997 at cms energy of the φ meson with an initial luminosity of 10 32 cm −2 s −1 . The expected collider parameters are the following [12, 13] N e = N e + = 0.89 · 10 11 , σ z = 3 cm , σ x = 2 mm , σ y = 0.02 mm , E e = 0.5 GeV .
The parameter η from (1) is equal to
from which follows that DAΦNE belongs to the colliders with short bunches for which the photon radiation at small energies is the coherent bremsstrahlung.
Using the formulae (3) and (61) 
The number of CBS photons for a single collision of the beams is
where the function Φ(x) is obtained from (58) in the classical limit E c ≪ E e Φ(x) = 3 2
Φ(x) = 1 at x ≪ 1; It may be convenient for DAΦNE to use the CBS photons in the range of the visible light E γ ∼ 2 − 3 eV ≪ 25 eV. In this region the rate of photons is expected to be
where τ = 0.0108 µs is the time between collisions of the bunches at a given interaction region. Additionally, in this energy region the photon polarization should be easily measurable.
To use the CBS photons for monitoring the beams a special window should be installed in the beam pipe. A serious problem for the observation and application of CBS may be the background due to synchrotron radiation on the external magnetic field of the accelerator. This background strongly depends on the details of the magnetic layout of the collider.
Collisions with a non-zero impact parameter of the bunches
If the electron bunch axis is shifted in the horizontal (vertical) direction by a distance R x (R y ) from the positron bunch axis, the luminosity decreases exponentially (see Eq. (62)). On the contrary, in the case of a vertical displacement the number of CBS photons increases almost two times (by 92% at R y = 4.0 σ y ). After that, the rate of photons decreases, but even at R y = 15 σ y the normalized photon rate reaches ≈ 1.65. The corresponding curve is presented in Fig. 3 .
The effect does not depend on the photon energy and it can be explained as follows. At R y = 0 a considerable portion of the electrons moves in the region of small impact parameters where the electric and magnetic fields of the positron bunch are small. For R y in the range of σ Shifting the electron bunch axis in the horizontal direction, the positron bunch fields immediately become weaker and the photon rate decreases (see the dotted curve in Fig. 3 ). However, this decrease is not so strong as that of the luminosity. For example, dN γ (R x )/dN γ (0) = 0.091 at R x = 5 σ x , but the luminosity drops by three orders of magnitude. Such an unusual dependence of the CBS photon rate on R can be used for a fast control over impact parameters between beams and over transverse beam sizes. For the case of long round bunches, such an experiment has already been successfully performed at the SLC collider [3] .
Azimuthal asymmetry and polarization
Taking into account the angular distribution of the final photons in the Compton cross section (52), we obtain instead of Eq. (56) the following distribution of CBS photons
If the impact parameter between beams R is non-zero, an azimuthal asymmetry of the CBS photons appears, which can be used for an additional control over the beams. For increasing R x (R y ) the electron bunch is shifted into the region where the electric field of the positron bunch is directed almost horizontally (vertically). As a result, the equivalent photons become linearly polarized in the direction of the field. In general, the average degree of the linear polarization is defined by
For identical beams and horizontal or vertical displacements one gets from (51,50) that ξ 1 = 0. In Fig. 4 , the average longitudinal polarization for DAΦNE is presented. 
where the azimuthal angle ϕ is measured with respect to the horizontal plane. It is not difficult to obtain that this quantity does not depend on the photon energy and it is equal to A = ∓ 2(γ e θ) 
for the horizontal (vertical) displacement of the beams (here θ is the polar angle of the emitted photon). From Fig. 4 one can see that with increasing R x (R y ) the fraction of For any displacements the equivalent photons are linearly polarized with the degree P l , the CBS photons are also linearly polarized in the same direction. Denoting by P CBS l the average degree of CBS photon polarization, the ratio P CBS l /P l varies in the interval from 0.5 to 1 when E γ increases [6] (see the Table 1 ).
